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Abstract
In this paper, we present an exact error analysis for circle approximation by B(ezier curve. The approximation
method is a special case of Floater’s conic approximation method (Comput. Aided Geom. Design 8 (1991)135).
Using this, we propose an approximation method of the o$set curve of given plane B(ezier curve by B(ezier
curve of the same degree.
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1. Introduction
The approximation of circular arcs by B(ezier curves and the approximation of o$set curves of
B(ezier curves by B(ezier curves are important tasks in CAD/CAM or in CAGD. In the recent 20
years, a lot of methods for the circle approximation [3,5,6,8,14,16,24] and for the o$set approximation
[4,2,7,9,13,11,17–19,22,23,25–27] are proposed and developed independently except for one method
proposed by Lee et al. [20]. They presented an approximation method of o$set curves of given B(ezier
curves by rational B(ezier curve based on circle approximation. The method, at Crst, approximates
the circular arc by quadratic B(ezier curve, and then yields the convolution curve of the approximate
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quadratic B(ezier curve and the given B(ezier curve for approximating the o$set curve. The merit of
the method is its explicit error bound having the approximation order four O(h4). But the convolution
curve is the rational B(ezier curve of degree 3n − 2, where n is the degree of given B(ezier curve.
So, the approximate rational B(ezier curve is of degree too high in case the given B(ezier curve is of
high degree. Thus, we propose an approximation method of o$set curve of given B(ezier curve of
high degree by the B(ezier curve of the same degree based on the circle approximation.
At Crst, we approximate the circular arcs by B(ezier curve of the same degree as that of given
plane B(ezier curve. We adapt the approximation method of Floater [15]. He presented the Gn−2 end
points interpolation of conic sections using B(ezier curves of any odd degree n and a sharp upper
bound for the Hausdor$ distance between the conic section and the approximate B(ezier curve. In
this paper we give the exact error analysis for the circle approximation, which is a special case of
Floater’s method. Using it we also approximate the o$set curve of the given B(ezier curve by B(ezier
curve of the same degree. Our approximation method is the linear sum of the given B(ezier curve
and the B(ezier approximant of the circular arc. Thus, the method yields the B(ezier curve having the
same degree of given B(ezier curve and is also easy to Cnd the control points of the approximate
B(ezier curve. Numerically our method has good results as Lee’s method in some examples of this
paper.
The outline of this paper is as follows: In Section 2, we explain Floater’s approximation method
of circular arcs by the B(ezier curves of odd degree and present the exact Hausdor$ distance between
two curves. In Section 3, we propose our approximation method of o$set curve by the linear sum
of the approximate B(ezier curve and given B(ezier curve. In Section 4, we give an example to use
our method and compare our method to Lee’s method numerically.
2. An exact Hausdor distance between the circular arcs and the approximate Bezier curves
In this section, we present an exact Hausdor$ distance between the circular arc and the approx-
imate B(ezier curve of odd degree. In the earlier work [15], Floater found the Gn−2 end points
interpolation of conic section by B(ezier curves of odd degree n and the explicit error bounds having
the approximation order 2n. The method yields also the approximation of circular arcs by B(ezier
curves and very small error bound in explicit form.
Let a circular arc c() = (cos ; sin ), ∈ [0; ] for 0¡¡ be given, as shown in Fig. 1. Put
 =  (t) = 2(1− cos(=2))t(1− t) and
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Fig. 1. Circular arc (thick lines) of angle  and control points (small circles).
for each positive integer m. Then the polynomial plane curve ca(t) of odd degree n= 2m+ 1 given
by
ca(t) = K0(t)(1; 0) + K1(t)
(
1; tan

2
)
+ K2(t)(cos ; sin ); (1)
where t ∈ [0; 1] is a Gn−2 end-points interpolation of the circular arc. The bound of the Hausdor$
distance between the circular arc c() and its polynomial approximant ca(t) is proposed by Floater
[15] as follows.
Theorem 1. The approximate curve ca(t) of odd degree n de7ned by (1) is a Gn−2 end-points
interpolation of the circular arc and the Hausdor9 distance between two curves is bounded by
dH(c; ca)6
1
2n
(
1− 1
n
)n−1
sin2n

4
sec

2
sec2

4
:
Proof. The argument for the Gn−2 interpolation follows from Floater’s geometric Hermite interpola-
tion (GHI) method [15] of conic section by polynomial curve of degree n. The upper bound of the
Hausdor$ distance is also obtained directly from Theorem 3.1 of Floater [15], since w = cos(=2),
and
(w − 1)n−1 = 2n−1 sin2n−2 
4
;
1
(1 + w)2
=
1
4
sec4

4
;
|p0 − 2p1 + p2|= 2 sin2 2 sec

2
:
The error bound analysis for the polynomial approximation of odd degree proposed by Floater is
a very sharp upper bound. The exact Hausdor$ distance dH(c; ca) between the circular arc c() and
the polynomial approximant ca(t) can be derived as follows:
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Proposition 2. The polynomial approximant ca(t) of circular arcs has the exact Hausdor9 distance
dH(c; ca) =
√
1
n
(
1− 1
n
)n−1
sin2n

4
sec2

4
+ 1− 1:
Proof. By Eq. (1) and simple calculations, we have
|ca(t)|2 = (K0 + K1 + K2 cos )2 +
(
K1 tan

2
+ K2 sin 
)2
= (K0 + K1 + K2)2 + tan2

2
(
K21 − 4 cos2

2
K0K2
)
:
Since K0(t) + K1(t) + K2(t) ≡ 1,
|ca(t)|2 − 1 = tan2 
2
(
K21 − 4 cos2

2
K0K2
)
:
By Lemma 2.2 of Floater [15], it is factorized as
|ca(t)|2 − 1 = 22n−2
(
tan2

4
)(
sin2n−2

4
)
tn−1(1− t)n−1(2t − 1)2
and by Lemma 3.4 of Floater [15], it has the maximum only at ti = (1± 1=
√
n)=2, i = 1; 2, and
06 |ca(t)|2 − 16 |ca(ti)|2 − 1 = 1n
(
1− 1
n
)n−1
sin2n

4
sec2

4
:
Thus |ca(t)| − 1 is also nonnegative and has maximum only at ti and
dH(c; ca) = |ca(ti)| − 1 =
√
1
n
(
1− 1
n
)n−1
sin2n

4
sec2

4
+ 1− 1:
We can see that the exact error analysis for dH(c; ca) in Proposition 2 is sharper than the error
bound in Theorem 1, as shown in Table 1 and Fig. 2. The B(ezier coeOcients of the approximate
curve ca(t) is obtainable using the Bernstein form of Ki(t), i = 0; 1; 2, in Floater [15]. So we can
write ca(t) in B(ezier form
ca(t) =
n∑
i=0
biBni (t); t ∈ [0; 1];
Table 1
The upper bound and exact Hausdor$ distance for  = =2
Degree n Upper bound of Hausdor$ distance Exact Hausdor$ distance
3 3:85× 10−4 2:73× 10−4
5 4:57× 10−6 3:23× 10−6
7 6:78× 10−8 4:79× 10−8
9 1:11× 10−9 7:86× 10−10
11 1:92× 10−11 1:36× 10−11
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Fig. 2. The upper bound (dash lines) and the exact error analysis (solid lines) for  = =2.
Fig. 3. Floater’s approximation method using B(ezier curve (thick lines) and control points (small circles).
where bi is the control points of the B(ezier curve ca(t) of degree n, as shown in Fig. 3, and
Bni (t) =
(
n
i
)
ti(1− t)n−i
is the Bernstein polynomial of degree n. If the circular arc is approximated by the B(ezier curve of
even degree n, then the degree elevation process of B(ezier curve is needed after the circular arc is
approximated by B(ezier curve of degree n − 1. The new control points Pbi of the degree-elevated
B(ezier curve from n− 1 to n can be obtained by
( Pbi)ni=0 = Tn−1(bi)
n−1
i=0 ;
where the (n+ 1)× n matrix Tn−1 is (see [10])
Tn−1 =
1
n


n 0 0 · · · 0 0 0
1 n− 1 0 · · · 0 0 0
0 2 n− 2 · · · 0 0 0
...
...
...
. . .
...
...
...
0 0 0 · · · n− 2 2 0
0 0 0 · · · 0 n− 1 1
0 0 0 · · · 0 0 n


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Table 2
The Gn−2 interpolation of circular arc by B(ezier curve of degree n and the Hausdor$ distance
Degree n (n; =2) Method
3 1:96× 10−4 Dokken et al.
4 3:55× 10−6 Ahn and Kim
5 2:95× 10−8 Ahn and Kim
Let (n; ) be the exact Hausdor$ distance dH(c; ca) between the circular arc c() of angle  and the
Gn−2 interpolant ca(t) of degree n. In case of degree 3, 4 or 5, better approximations than Floater’s
method are presented in previous works. Dokken et al. [6] (or Goldapp [16]) presented the cubic
G1 end points interpolation of circular arc, and Ahn and Kim [3] (or Fang [8]) also presented the
quartic G2 and quintic G3 end points interpolation of circular arc. They gave the error bounds in
explicit form, which are very small as shown in Table 2.
3. Oset curve approximation
In this section, we approximate the o$set curve of regular plane B(ezier curve of degree n by the
B(ezier curve of the same degree. Let p(t) be the regular plane B(ezier curve given by
p(t) :=
n∑
i=0
piBni (t); t ∈ [0; 1]
and pr(t) be its o$set curve with o$set distance r ∈R given by
pr(t) = p(t) + r n(t);
where n(t) is the unit normal vector of p(t), which is obtained by rotation of the unit tangent vector
of p(t) by =2. Without loss of generality, we may assume that the regular plane B(ezier curve is
convex and the trajectory of the normal vectors n(t) of curve p(t) is of length less than , since
if not, then p(t) may be subdivided until they are satisCed. This is essential subdivision in our
method. Two convex regular plane curves p(t) and q(s) are compatible if for each point p(t), there
is uniquely corresponding point q(s) such that they have the same unit normal vector. (Refer to
[20,21].)
Let c() = (cos ; sin ) be the circular arc of radius one. Note [20,21] that the convolution curve
p ∗ rc of p(t) and rc() is the o$set curve pr(t), i.e.,
p ∗ rc(t) := p(t) + rc((t)) = pr(t); (2)
where c(), ∈ [a; b], is compatible to p(t), and =(t) is the reparametrisation satisfying that the
unit normal vector of c() is equal to that of p(t), as shown in Fig. 4. Lee et al. [20] approximated
the circular arc by quadratic B(ezier curve compatible to the given plane B(ezier curve p(t) of degree n,
and they presented the o$set approximation using the convolution curve of p(t) and the approximated
quadratic B(ezier curve. The convolution curve is rational of degree 3n−2. Lee’s o$set approximation
method yields very small error bound as shown in tables in the literature [7,20]. But if n is large,
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Fig. 4. Circular arc c(), quintic B(ezier curve p(t) with control polygon (thick lines) and o$set curve pr(t) (dash lines)
for r = 1.
Fig. 5. The quintic B(ezier approximant ca(t) of the circular arc c() and the quintic B(ezier approximant pa(t) of the o$set
curve pr(t) for r = 1.
then the approximate rational B(ezier curve is of degree too large 3n − 2. Thus, as an alternative
o$set approximation of B(ezier curve of high degree we propose the approximate B(ezier curve of
the same degree
pa(t) := p(t) + rca(t); (3)
where nth degree B(ezier curve ca(t) is the approximation of the circular arc c(), 16 6 2,
compatible to the given B(ezier curve p(t) using Floater’s method. The control points pai , i=0; : : : ; n,
of the o$set approximation pa(t) is the sum of those of p(t) and rca(t), i.e.,
pa(t) =
n∑
i=0
pai B
n
i (t) =
n∑
i=0
(pi + rbi)Bni (t): (4)
As shown in Fig. 5, the approximation pa(t) is an G1 interpolation of the o$set curve pr(t) and has
an error bound as follows:
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Proposition 3. The approximation pa(t) of the o9set curve pr(t) has an error bound
dH(pr ; pa)6 r(n; ) + min{r|c((·))− c(1(·))|∞; |p((·))− p(1(·))|∞}; (5)
where the continuous onto mapping 1 : [0; 1]→ [1; 2] satis7es
c(1(t)) = ca(t)=|ca(t)|
and the notation |f(·)|∞ is the L∞-norm of the function f on [0; 1].
Proof. For each t ∈ [0; 1] we can Cnd ∈ [1; 2] such that
c() = ca(t)=|ca(t)|: (6)
Let 1 : [0; 1] → [1; 2] be the function such that for each t ∈ [0; 1], 1(t) is equal to  satisfying
Eq. (6). Then 1 is a continuous onto mapping, and by Proposition 2,
|ca(t)− c(1(t))|= |ca(t)| − 16 (n; )
for all t ∈ [0; 1]. From Eqs. (2) and (3),
|pr(t)− pa(t)| = |p(t) + rc((t))− (p(t) + rca(t))|
6 r|c((t))− c(1(t))|+ r|c(1(t))− ca(t)|
6 r|c((·))− c(1(·))|∞ + r(n; )
for all t ∈ [0; 1]. Let 2 : [0; 1] → [0; 1] be a continuous onto mapping deCned by 2 = −1 ◦ 1.
Then we have
|pr(2(t))− pa(t)| = |p(2(t)) + rc(1(t))− (p(t) + rca(t))|
6 |p(2(t))− p(t)|+ r|c(1(t))− ca(t)|
6 |p(1(·))− p((·))|∞ + r(n; )
for all t ∈ [0; 1]. Since
dH(pr ; pa)6min{|pr(·)− pa(·)|∞; |pr(2(·))− pa(·)|∞}
Eq. (5) follows.
4. Example and comment
In this section, we present examples of the o$set approximation by B(ezier curves. First, we
consider the B(ezier curves of degree nine as shown in Fig. 6. The outlines of the font “S” is given
by two B(ezier curves of degree nine and six line segments. The control points of B(ezier curves of
degree nine are (11.4, 20.06), (9.4, 17.4), (6, 24), (−14.6, 25), (5.02, −3.46), (2, 13.54), (18, 11.62),
(14.86, .48), (5.64, −5.28), (.68, 6.24), and (1.54, .04), (2.8, 2.2), (5, 2.6), (11.57, −14.58), (23.52,
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Fig. 6. Outlines of font “S” (thick lines) consisted of six line segments and two B(ezier curves of degree nine with and
control polygons (dotted lines).
11.72), (22.2, 22.26), (−4.16, −2.58), (−7.22, 22.02), (9.9, 24.72), (11.82, 13.86), respectively. To
approximate the o$set curve by B(ezier curve, we Cnd the inSection points and cusp of the B(ezier
curves. Each of them has two inSection points, at t1, t2, 1 and 2, as shown in Fig. 7(a). They also
should be subdivided so that the trajectories of the normal vectors for each segment is of length
less than  to applied our approximation method. Thus the B(ezier curves are also subdivided at t3
and 3, respectively, as shown in Fig. 7(b), which is the farthest point from the line passing through
both end points of each B(ezier segment [1]. Therefore two given B(ezier curves of degree nine are
subdivided at ti and i, i=1; 2; 3, into eight pieces of B(ezier curves pi(t) of degree nine, i=1; : : : ; 8,
as shown in Table 3, which are the essential subdivisions in our method.
After the subdivisions, using our method the o$set curve of each segment with the o$set distance
r = 1 is approximated by B(ezier curve of degree nine, as shown in Fig. 7(c). At the corner points,
the o$set curves are exactly circular arc of radius one and they are approximated by the B(ezier
curves of degree nine using Floater’s method, as shown in Fig. 7(d). If the o$set curve has a cusp,
then the B(ezier segment is subdivided at the points. The necessary and suOcient condition for o$set
curve to have cusp is well known [12]. No cusp occurs in the example.
As shown in Table 3, we compare the Hausdor$ distance between the o$set curve and the B(ezier
approximant by our method and by Lee’s method [20]. We can see that our method is good as
Lee’s method. Although our method cannot give a sharp error bound in explicit form, it yields G1
end points interpolation of the o$set curve of given B(ezier curve by the B(ezier curve of the same
degree, and its control points are easy to Cnd as in Eq. (4).
We also approximate the o$set curve of the quintic B(ezier curve by our method. The control
points of the quintic B(ezier curve q(t) are (3, −1), (4, 2), (4.5, 2), (5.5, 1.5), (6.5, 0.) and (7, −1),
as shown in Fig. 4. The o$set curve is approximated by the B(ezier curve for the o$set distance r=1,
as shown in Fig. 8(a). The Hausdor$ distance is 1:03×10−1. If the tolerance is given by 10−1, then
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Fig. 7. (a) Subdivisions of the B(ezier curves at the inSection points (small circles). The dotted lines are the control
polygons of the subdivided B(ezier segments. (b) Subdivisions of the B(ezier curves at t3 and 3. (c) The approximate
B(ezier curves of degree nine using our method. (d) The full o$set curve approximation.
Table 3
The Hausdor$ distance between the o$set curves of the B(ezier segments pi(t) and the B(ezier approximant using our
method and Lee’s method
Segment Knot span Our method Lee’s method
p1 [0; t1] 8:86× 10−2 7:44× 10−2
p2 [t1; t2] 4:12× 10−2 1.45
p3 [t2; t3] 1:32× 10−1 1:72× 10−1
p4 [t3; 1] 3:72× 10−3 6:68× 10−2
p5 [0; 1] 7:22× 10−2 5:00× 10−2
p6 [1; 2] 1:76× 10−2 2.60
p7 [2; 3] 2:16× 10−1 1:21× 10−1
p8 [3; 1] 1:62× 10−2 1:33× 10−1
the quintic B(ezier curve q(t) must be subdivided. We subdivide q(t) at the farthest point q(t∗) from
the line passing through both end points of q(t). After the subdivision, the new subdivided B(ezier
segments q1(t) and q2(t) are approximated by our method, as shown in Fig. 8(b). We also compare
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Fig. 8. (a) B(ezier curve of degree Cve and its o$set approximation curve using our method. (b) O$set approximation
after subdivision.
Table 4
The Hausdor$ distance between the o$set curve and the B(ezier approximant using our method and Lee’s method
Segment Knot span Our method Lee’s method
q [0; 1] 1:03× 10−1 1.24
q1 [0; t∗] 3:91× 10−2 4:43× 10−2
q2 [t∗; 1] 4:30× 10−2 2:65× 10−2
the Hausdor$ distance between the o$set curve and B(ezier approximation by our method and Lee’s
method, as shown in Table 4.
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